ABSTRACT. The present paper is concerned with some properties of functions with values in locally convex vector space, namely functions having bounded variation and generalizations of some theorems for functions with values in locally convex vector spaces replacing Banach spaces, namely Theorem: If X is a sequentially complete locally convex vector space, then the function x(·) : [a, b] → X having a bounded variation on the interval [a, b] defines a vector-valued measure m on borelian subsets of [a, b] with values in X and with the bounded variation on the borelian subsets of [a, b]; the range of this measure is also a weakly relatively compact set in X. This theorem is an extension of the results from Banach spaces to locally convex spaces.
Introduction
The set BV of functions x(·) of finite (locally bounded) variation, on the real line R to a complete complex locally convex vector space X derives its importance from the fact that each function x(·) in BV is associated in a natural way with a vector-valued measure on the ring B of bounded Borel sets, and conversely. The relationship resembles that between ordinary real and complex functions of bounded variation and real and signed measures defined on B.
A precise statement will be given later in Section 4.
As for some older results, see ([1] , [2] , [4] , [5] , [7] , [8] , [10] , [13] ). The extension to locally convex vector space (shortly lcs) is very useful because it allows to consider many important spaces, which are not normable, e.g., nuclear locally convex vector spaces often appearing in applications (see [9] ). The paper is divided into four sections. Most propositions and theorems are proved under the assumption that lcs X is a sequentially complete (further called s-complete) Hausdorff locally convex topological vector space.
Functions with bounded variation in lcs
In the second section there are investigated functions x(·) : [a, b] → X with the bounded p-variation, where X is lcs. Let P be a set of seminorms determining the topology of X.
The smallest of the numbers K p (a, b) we shall call the p-variation of the function
For definition of bounded variation in Banach spaces see [6] .
From the definition we obtain the following.
Hence we easily the following.
, expressed in the form
where f r (t, x ′ ), r = 0, 1, 2, 3, are finite real-valued nondecreasing functions of variable t.
Note that the functions f r are not uniquely determined. Recall the following definitions.
FUNCTIONS WITH BOUNDED VARIATION IN LOCALLY CONVEX SPACE
Ò Ø ÓÒ 2º The series x i , x i ∈ X, unconditionally (permutally) converges, if for any permutation p(i) of natural numbers the series x p(i) converges in X.
Ò Ø ÓÒ 3º The series x i , x i ∈ X, subseries converges, if for any increasing sequence (n i ) of natural numbers the series x n i converges to some element in X.
Note that in s-complete lcs the unconditional and subseries convergence coincide.
The following results are generalizations, proved in detail in [11] for lcs, of the results proved in [5] for normed spaces.
ÈÖÓÔÓ× Ø ÓÒ 3º Let X be s-complete lcs and let
and let (t n ) be any sequence of different values belonging to the interior of the compact interval [a, b] . Then the series
converge absolutely, hence unconditionally converge in the space X.
For metrisable spaces we have the following result.
ÈÖÓÔÓ× Ø ÓÒ 4º If X is a complete metrisable lcs and x(·) : R → X has on every interval [a, b] the bounded p-variation and u(t), v(t) are the functions defined in Proposition 3, then u(t) = v(t) = 0 except for at most countable many t.
We can conclude the preceding propositions into
If X is an s-complete lcs and x(·) : R → X has on every interval [a, b] the bounded p-variation, then the limits of the function x(·) from the left, and from the right, x(t ± 0) ∈ X, exist in every point t and also there exist lim t→∞ x(t) and lim t→−∞ x(t) if a = −∞, b = ∞. 
has the bounded p-variation on [a, b].
We now give more results for metrisable lcs.
ÈÖÓÔÓ× Ø ÓÒ 5º Let X be a complete metrisable lcs and let s p n , n = 1, 2, . . . , p ∈ P be all points of discontinuity of the function x(·) : R → X continuous from the right and with bounded p-variation on every compact interval [a, b]. Then we can define the step function z(·) and the function w(·) with
such that the functions z(·) and w(·) have the bounded p-variation on every compact interval [a, b] and in all points t there exist limits of the functions w(·) and z(·) from the left and from the right, z(t ± 0) and w(t ± 0). Moreover it is
We can formulate the obtained results in the form of the following main theorems.
Ì ÓÖ Ñ 7º If X is a complete metrisable lcs and x(·) : R → X has the bounded p-variation on every compact interval [a, b] and is everywhere continuous from the right, then P r o o f. Consider A = x(t), t ∈ Q , where Q is the set of all rational numbers. Then A ⊂ H, where H is the set of values of the function x(·). The function x(·+0) differs from x(·) at most in countably many points. Denote B = x(t), x(t) = x(t ± 0) . Then A ∪ B is a countable set, A ∪ B ⊂ H, and simultaneously H ⊂ A ∪ B, i.e., the set H contains a countable dense subset and hence is separable.

Connection with vector-valued measures
Now we shall try to derive, given the function with the bounded p-variation, a corresponding borelian measure m on the δ-ring of borelian subsets, with values in X, which has the bounded p-variation on every compact interval [a, b], 
if the sets E n ∈ B are mutually disjoint, with the union in B, the series in the right being unconditionally convergent. Ì ÓÖ Ñ 10º If X is a s-complete lcs and m : B → X is a vector-valued measure, with the bounded p-variation, then the function x(·) : R → X defined by the relations x(0) = 0,
has the bounded p-variation on every compact interval [a, b] and is everywhere strongly continuous from the right. 
is p-bounded, for any interval [a, b], i.e., the function x(·) has the bounded p-variation for any interval [a, b], and it is easy to prove that it is continuous from the right.
Conversely we have the following. . It is easy verified that G is a semi-ring. We shall denote by C the ring generated by G. The ring C consists of all finite unions of disjoint intervals of G. Every non void set A of C can be written as a finite union A = n i=1 I i of disjoint non void intervals of G such that any two intervals I i and I j have in common no extremity.
We remind that an additive set function m : G → X can be uniquely extended to an additive set function (denoted again) m : C → X and that the variations of m and its extension are equal. Further m : C → X can be uniquely extended to a σ-additive set function with the finite variation, m : B → X. The variation of the extension of m from G to B is equal to the unique extension of µ m from G to B. The details (rather long even for Banach space) can be compared in ( [3] ).
Functions and measures
In this section we shall show more concretely that the Borel measure of finite variation can be identified with the function of finite variation.
FUNCTIONS WITH BOUNDED VARIATION IN LOCALLY CONVEX SPACE
Now consider the set BV 0 of functions x(·) of finite-locally bounded-variation and continuous from the right, on the real line R to a complete complex locally convex vector space X. It derives its importance from the fact that each function x(·) in BV 0 is associated in a natural way with a vector-valued measure on the ring B of bounded Borel sets, and conversely.
If the function x(·) ∈ BV 0 is given, and the associated m :
By standard argument
Hence y(a) = y(a + 0) and therefore m((a)) = 0, so that
If we denote by m 0 the restriction of m → B ∩ (a, b], then we have
We can then construct a vector valued measure m 0 for −∞ < a < b < ∞ and it will be possible to complete the proof of the following ÓÖÓÐÐ ÖÝ 12º If x(·) : R → X is a function of the class BV 0 , where X is an arbitrary s-complete lcs, then there exists a unique vector-valued measure m : B → X of bounded variation satisfying 
The function v p (·) is finite, nondecreasing and nonnegative scalar function such that for any pair s, t ∈ [a, b], s < t there holds
From the properties of the function v p (·) it follows that it has on the fix [a, b] the bounded variation, hence x(·) has the bounded p-variation. Concluding it is quite natural to put the following question: Why we transit from point functions to set functions and conversely. First we note that in praxis, physical, chemical and so on, we consider quantities of two kinds: the states, i.e., intensive quantities or densities, modelled by point functions, called the derived ones, or amounts or the extensive quantities, modelled by set functions, considered in general as the primary quantities. Therefore, mathematical models constructed in terms of measures and integrals have conceptual and often also technical priority with respect to ones constructed in terms of derivatives or point functions.
For a general locally convex space valued measure m, |m| p need not be finite, as shows the following example (see T h o m a s [12] ). Example 1. Let m = (µ n ) n∈N be a measure with values in l 1 (N ). Then the variation of m with respect to the norm is given by |m|(A) = n |µ n |(A). This can be seen by a direct argument but the following proof illustrates some interesting idea.
Suppose that each µ n is absolutely continuous with respect a measure ν, so µ n = f n .ν. Then m has the density f = (f n ) n∈N 
